Theorem: there is an infinite number of prime numbers (The proof of this theorem is attributed to Euclid since it appears in Euclid’s element circa 300 B.C.) 
Note: This is not a formal proof of the theorem. This is just the general strategy of the proof illustrated with a particular example. There are other ways of proving this theorem, this is just one strategy.
The strategy of the proof is to show that given an arbitrary integer n we can always find a prime number that is larger.  However, before considering the formal proof, let’s try to find a general procedure that will help to generalize the proof to any given number n. 

To begin with, let’s assume that n = 6. Our job is to find a prime number larger than 6. 

What strategy should we follow? In a systematic way, we should try to find a number that:

1.- It is larger than 6 and not divisible by 2.

2.- It is larger than 6 and not divisible by 3.

3.- It is larger than 6 and not divisible by 4.

4.- It is larger than 6 and not divisible by 5.

5.- It is larger than 6 and not divisible by 6.

How do we satisfy each individual condition?

To satisfy condition 1 we find a number that is greater than 6 and have a remainder when divided by 2.

To satisfy condition 2 we find a number that is greater than 6 and have a remainder when divided by 3.

To satisfy condition 3 we find a number that is greater than 6 and have a remainder when divided by 4.

To satisfy condition 4 we find a number that is greater than 6 and have a remainder when divided by 5.

To satisfy condition 5 we find a number that is greater than 6 and have a remainder when divided by 6.

How do we satisfy all these conditions simultaneously?
 Try the following number N= (1*2*3*4*5*6) + 1 (by the way, this N = 720)

Observe that N is greater than the given number 6.

By the Fundamental Theorem of Arithmetic, we know that: N is a prime number or can be written as the product of prime numbers.

If N is a prime number then we found the number that we were looking for and we are through.

What about if N is not a prime number?
If N is not a prime number then N is a composite number. If N is a composite number we know that there exist a prime factor P such that P|N and 1<P <N (why?). Remember that since P is a factor of N the remainder of dividing N by P is zero.
How big is P? Can this number be one of the numbers 1 through 6? Let’s try to answer the latter question first.

Could P be equal to 2?  Since the multiplication of integers is commutative we can rewrite N as follows:



N = 2* (1*3*4*5*6) + 1   (A)

                        D = d * q                   + r

← (This is expression is to help you identify the different terms of the Division Algorithm. It is not part of the proof)


Using the Division Algorithm we can see that:

The Dividend is equal to N

The divisor is equal to 2 

The quotient is (1*3*4*5*6) 

The remainder is 1.


Therefore, P cannot be equal to 2 since P divides N evenly and, as the expression (A) shows, there is remainder of 1 when we divide N by 2.


Could P be equal to 3? Again, rewriting N as shown below, we find that there is a remainder of 1 when we divide N by 3. Therefore, P cannot be equal to 3.


N = 3* (1*2*4*5*6) + 1   (B)


Could P be equal to 4? Rewriting N as shown below, we find that there is a remainder of 1 when we divide N by 4?. Therefore, P cannot be equal to 4.



N = 4* (1*2*3*5*6) + 1   (C)


Could P be equal to 5? Rewriting N as shown below, we find that there is a remainder of 1 when we divide N by 5. Therefore, P cannot be equal to 5.



N = 5* (1*2*3*4*6) + 1   (B)


Could P be equal to 6? Rewriting N as shown below, we find that there is a remainder of 1 when we divide N by 6. Therefore, P cannot be equal to 6.



N = 6* (1*2*3*4*5) + 1   (B)


Therefore, P is not equal to any of the numbers 1 through 6. 
Notice also that none of the numbers 1 through 6 divides N evenly either. Therefore, the factors of N must be greater than 6 also. But we know that P is a factor of N therefore, P that is a prime must be greater than 6 also. Eureka! We are through! We found a prime number P greater than 6!  

Note: By the way, notice that we never said anything about N being prime or not. As a matter of fact, as this example illustrates N itself does not have to be prime.
