Integers, Division, the Division Algorithm, Prime Numbers and Open Questions
Definition of Division.-
Given two integers a and b (with a ≠0) we say that 
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 (read “a divides b”) if the following conditions are satisfied: 
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 The symbol 
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 is read “such that.” 

The statement 
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 is read as follows: “a divides b if and only if there exists [another] integer c such that b equals a times c. 
The number a is called a factor of b. The number b is called a multiple of a.
The definition of division tells us that:

· We cannot divide by zero.

· If we say that 
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then the quotient (c) must be an integer also, otherwise, a does not divide b.
Properties of the Integers (
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If a and b are both integers then 
· a+b is also an integer. That is, the addition of integers is also an integer (we say that the integers are closed under addition)

· a-b is also an integer. That is, the difference of integers is also an integer (the integers are closed under subtraction)

· a*b is also an integer. The product of integers is also an integer (the integers are closed under multiplication)

Notice that the division of two integers is not necessarily an integer, for example, the quotient of 
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 is not an integer.

Properties of Equalities

If a = b and c = d then 
· a + c = b + d (if we add two equalities the result is also an equality)

· a - b = c –d (the difference of two equalities is also an equality)

· a*c=c*b (if we multiply both members of an equality by the same number the result is also an equality)
· 
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(with d≠0) the result is also an equality (if we divide both member of an equality by the same number the result is also an equality). Notice that this is a particular case of the previous property since we can multiply both members of the equality by 
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The Division Algorithm

Let D be an integer that we will call the Dividend,  d a positive integer called the divisor, then there are two unique integers q and r, called respectively the  quotient and the remainder such that
D = d*q + r (with 0 ≤ r < d)   
That is, “the Dividend is equal to the divisor times the quotient plus the remainder.”
Observations:

· In the Division Algorithm it is required that d, the divisor, be a positive integer.
· If the remainder is equal to zero then the division of D by d is exact (or equivalently D divides evenly into d). In this case both d and q are factors of D.
· If the remainder is different than zero then there must be a remainder (r) that must 0 ≤ r < d. In this case, D does not divide evenly into d. Therefore, d is not a factor of D.
· As a consequence of the previous statement any statement of the form D = d*q + 1 indicates that d does not divide D.
Prime Numbers. Composite Numbers. 
A positive number p (p > 1) is said to be a prime number if and only if p can only be divided by itself and the unity. In other words, if the only factors of p are itself and the unity then p is called a prime number. Any positive number q (q > 1) that is not a prime number is called a composite number. 

Note 1: If an integer number n is a composite number then there exists an integer a such that a satisfies the following conditions: 
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 and 1 < a < n. Notice that the fact that 
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 indicates that there is another integer, let’s call it b, such that n = a*b. This number b is nothing more than the quotient of 
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The Fundamental Theorem of Arithmetic (or the Prime factorization of Integer Numbers)
“Every positive integer greater than 1 is itself a prime number or it can be written as the product of two or more prime numbers.” Except for the order in which we can write the prime numbers that make up the number this “factorization” is unique. Rosen (the author of your textbook, in case you did not know this) adds to the definition of the Fundamental Theorem of Arithmetic that “prime factors [can be] written in order of nondecreasing size. 

Comment: Although it is not necessary to order the prime numbers that make up a given positive integer in increasing order doing so facilitates the simplification of common factors.
Note 2: 
Observe that the Fundamental Theorem of Arithmetic states that every positive integer can be expressed as the product of prime numbers, as a practical matter, factoring really big number is impossible. In fact, the fastest computers in the world may take centuries to factor a number such as 2859,433-1 (by the way, this number has 258,716 digits).  The fact that extremely large prime numbers are almost impossible to factor is the basis for devising public key codes for encrypting purposes when sending information through the Web.

Theorem (about composite numbers)

“If n is a composite number then n has a prime divisor less than or equal to 
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Note 3: 
This theorem guarantees the existence of prime factor a for the composite number n. Notice the difference with the condition established by Note 1 where the existence of a factor is also guaranteed but there is no mention of the “primality” of the factor. 

Note 4: 
The practical aspect of the preceding theorem can be seen when we use its logical contrapositive. In this case, we can rephrase the theorem as follows:
“If n does not have a prime divisor less than or equal to 
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then n is not a composite number.” This is equivalent to say:

“If n does not have a prime divisor less than or equal to 
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then is a prime number”. That is, to determine if a given number n is a prime we divide the number by all the prime numbers less than 
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. If we find that none of these prime numbers divide the number n then we can say with all certainty that n is a prime.

Theorem (The infinitude of prime numbers)


“There are an infinite number of prime numbers”

Theorem  Prime Demographics (or the Prime Number Theorem)

“As n gets larger and larger, the number of prime numbers less or equal to a given n approaches n/Ln(n). Here Ln(n) is the natural logarithm of n.
Open Questions


The Twin Prime Conjecture


“Are there infinitely many pairs of prime numbers that differ from one another by two? (11 and 13, 29 and 31, 41 and 43 are examples of twin prime numbers)


The Goldback Conjecture


“Can every positive even number greater than 2 be written as the sum of two primes? (Pick some positive even numbers and write them as the sum of two primes)
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