HW RS

relation is transitive, essentially because the product of 1’s and —1’s is 1.
c) The relatlon is reﬁexxve, since £ — z = 0 is a rational number. The relatlon is symmetric, beca

y — z are rational numbers. Therefore their sum z — 2 is rational, and that means that (z, z) €ER.
d) Since 1 # 2- 1, this relation is not reflexive. It is not symmetric, since (2,1) € R, but (1,2) ¢ R.x
that it is antisymmetric, suppose that z = 2y and y = 2z. Then y = 4y, from which it follows th
and hence z = 0. Thus the only time that (z,y) and (y,z) are both is R is when z =y (and both
This relation is clearly not transitive, since (4,2) € R and (2,1) € R, but (4,1) ¢ R.
e) This relation is reflexive since squares are always nonnegative. It is clearly symmetric (the rol
y in the statement are interchangeable). It is not antisymmetric, since (2,3) and (3,2) are both in
not transmve, for example, (1,0) € R and (0, -—2) € R, but (1, —2) ¢ R.

example, (1,0) € R and (0,—2) € R, but (1,-2) ¢ R
g) This is not reflexive, since (2,2) ¢ R. It is not symmetric, since (1, 2) € R but (2,1) ¢
antisymmetric, because if (z,y) € R and (y,z) € R, then 2 =1 and y = 1,50 2 = y. It is t.
because if (:1:, y) € R and (y,z) € R, then z=1 (and y=1, a.lthough that doesn’t matter) so (

are interchangeable). It is not antisymmetric, since (2,1) and (1,2) are both in R. It is not tra
example, (3,1) € R and (1,7) € R, but (3,7) ¢ R.

54. We just apply the definition each time. We find that R? contains all the pairs in '{1, 2,3,4,5} X {1!’: 4
‘except (2,3) and (4,5); and R3, R*, and R® contain all the pairs.



s holds (or both, it goes without saying). Here ‘this means that the first number is greater than the
d 6r vice versa—in other words, that the two numbers are not equal This is just relatxon Rs.

(3 h intersection of two relatxons is the intersection of these sets. Thus Ry N R4 holds between two real
ers if Ry holds and Ry holds as well. Thus for (a,b) to be in RyN R4, we must have a > b and a < b.’

this happens precisely when a = b, we see that the answer is Rs.
r (a,b) to be in Rz N Rs, we must have a < b and a = b. It is impossible for a < b and a =b to hold

e same time, so the answer is @, i.e., the relation that never holds.
— Ry = RiNR;. But Ry = R3, so we are asked for R; N R3. Itis 1mp0551b1e fora>b

d ‘a < b to hold at the same time, so the answer is @, i.e., the relation that never holds.
R, N Ry, which is Rs (this was part (c)).

t (f), we want RoN Ry = o
Reasoning as in par (), 2 R;,and R3NR; =

Recall that R; ® Rz = (R1NR3) U (RN Rl) We see that RyNR3 = RiN Ry =
N Ry = R3. Thus our answer is R; U Rz = Rg (as in part (a)).

) Recall that Ry ® Ry = (Rg N R4) U (R4 ﬂTl—) We see that Ro N R4 = ReNR; = Ry, and R4 N R2 =
N R3 = Rs. Thus our answer is R; U R3 = Rg (as in part (a)).

ecall that the composition of two relations all defined on a common set is defined as follows:' (fl’ c)eSoR
“and only if there is some element b such that (a,b) € R and (b,c) € S. We have to apply this in each ;.

a) For (a,c) to be in R; o R;, we must find an element b such that (a,b) € R, and (b,c) € Ry. This m
that @ > b and b > c. Clearly this can be done if and only if a > ¢ to begin with. But that is precisel
statement that (a,c) € R,. Therefore we have Ry o R; = R;. We can interpret (part of) this as showing
R; is transitive.

b) For (a,c) to be in R o Ry, we must find an element b such that (a,b) € Ry and (b,c) € Ry. This mea
that a > b and b > c. Clearly this can be done if and only if a > ¢ to begin with. But that is precisely
statement that (a,c) € R;. Therefore we have R; o R, = R;.
c) For (a,c) to be in R; o R3, we must find an element b such that (a,b) € R3 and (b,c) € Ry. This m
that a < b and b > c. Clearly this can always be done simply by choosing b to be large enough. There
we have R; o R3 = R2, the relation that always holds. :
d) For (a,c) to be in R; o Ry, we must find an element b such that (a,b) € R4 and (b,c) € R;. This mes
that a < b and b > c. Clearly this can always be done sxmply by choosing b to be large enough. There
we have R; o R4 = R2, the relation that always holds.
e) For (a,c) to be in R; o R5, we must find an element b such that (a,b) € Rs and (b,c) € R;. This"
that a = b and b > c. Clearly this can be done if and only if a > ¢ to begin with (choose b = a).
precisely the statement that (a,c) € R;. Therefore we have R; o Rs = R;. One way to, look at this is’to
that Rs, the equality relation, acts as an identity for the composition operatlon (on the nght——althoug
also an identity on the left as well).
f) For (a,c) to be in R; o Rg, we must ﬁnd an element b such that (a,b) € Rg and (b,c) € R;. This
that a # b and b > ¢. Clearly this can always be done simply by choosing b to be large enough. Th
we have R; o Rg = R2, the relation that always holds. :
g) For (a,c) to be in R, 0 R3, we must find an element b such that (a,b) € R3 and (b,c) € R,. Thi
that a < b and b > c. Clearly this can always be done simply by choosing b to be large enough. Therg
we have R o Rz = R2, the relation that always holds. ,
h) For (a,c) to be in R3 0 Rz, we must find an element b such that (a,b) € R3 and (b,c) € R3. This’ :
that a < b and b < c. Clearly this can be done if and only if a < ¢ to begin with. But that is precisely:thess
statement that (a,c) € R3. Therefore we have Rzo R3 = = R3. We can interpret (part of) this as showm ha
R3 is transitive.



